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CROSSOVER AND MASS GAP OF THE
SU(2)-HIGGS MODEL AT HIGH TEMPERATUREa
W. Buchmu¨ller
Deutsches Elektronen-Synchrotron DESY, Hamburg, Germany
Analytic estimates of screening masses in the symmetric, high-temperature phase
of the SU(2)-Higgs model are reviewed. The size of the mass gap in the symmetric
phase is closely related to the critical Higgs mass where the first-order electroweak
phase transition changes to a smooth crossover. We also discuss some conjectures
concerning the connection between the screening masses of propagators in a fixed
gauge and screening masses of gauge-invariant operators.
The electroweak phase transition 1 is of great cosmological significance be-
cause baryon number and lepton number violating processes are in thermal
equilibrium at temperatures above the critical temperature of the transition 2.
In recent years the thermodynamics of the phase transition has been studied in
detail by means of perturbation theory and numerical lattice simulations. The
essential non-perturbative aspects of the transition can be investigated in the
pure SU(2)-Higgs model neglecting the effects of fermions and the mixing be-
tween photon and neutral vector boson, which can be included perturbatively.
For the dimensionally reduced theory lattice simulations for the SU(2)xU(1)-
Higgs model have been carried out. We now know that the transition is first-
order for Higgs boson masses below 70 GeV, and that around ∼ 80 GeV the
first-order transition changes to a smooth crossoverb.
The electroweak transition is influenced by non-perturbative effects whose
size is characterized by a ‘magnetic screening length’, the inverse of a ‘magnetic
mass’. In perturbation theory a magnetic mass appears as a cutoff which
regularizes infrared divergencies 4. The size of this cutoff is closely related to
the confinement scale of the effective three-dimensional theory which describes
the high-temperature limit of the SU(2) Higgs model 5. In the following we
shall review estimates of the magnetic mass by means of gap equations. In
particular, we shall discuss the connection between the size of the magnetic
mass and the critical Higgs mass for the onset of a crossover behaviour. We
aTalk given at the Conf. Strong and Electroweak Matter ’97, Eger, Hungary, May 1997
bFor recent reviews, see 3.
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shall also consider some conjectures concerning the connection between the
magnetic screening mass and screening masses of gauge-invariant operators.
1 Gap equations for the magnetic mass
Consider the SU(2) Higgs model in three dimensions which is defined by the
action
S =
∫
d3x Tr
(
1
2
WµνWµν + (DµΦ)
†DµΦ + µ
2Φ†Φ+ 2λ(Φ†Φ)2
)
, (1)
with
Φ =
1
2
(σ + i~π · ~τ ) , DµΦ = (∂µ − igWµ)Φ , Wµ = 1
2
~τ · ~Wµ . (2)
Here ~Wµ is the vector field, σ is the Higgs field, ~π is the Goldstone field and ~τ
is the triplet of Pauli matrices. The gauge coupling g and the scalar coupling
λ have mass dimension 1/2 and 1, respectively. For perturbative calculations
gauge fixing and ghost terms have to be added. The parameters of the 3d
Higgs model are related to the parameters of the 4d Higgs model at finite
temperature by means of dimensional reduction 5,
g2 = g¯2(T )T , λ = λ¯(T )T + . . . , (3)
µ2 =
(
3
16
g¯2(T ) +
1
2
λ¯(T )
)
(T 2 − T 2b ) + . . . , (4)
where T is the temperature and g¯, λ¯ and T 2b are the parameters of the zero
temperature 4d theory. Note, that a variation of temperature in the 4d theory
corresponds to a variation of the parameter µ2/g4 in the effective 3d theory
whereas the ratio g2/λ stays constant.
We are interested in the propagators Gσ and GW of Higgs field and vector
field, respectively, which at large separation |x− y| fall off exponentially,
Gσ(x− y) = 〈σ(x)σ(y)〉 ∼ e−M|x−y| ,
GW (x− y)µν = 〈Wµ(x)Wν(y)〉 ∼ e−m|x−y| . (5)
For µ ≫ g2 one has M ≃ µ, whereas m cannot be computed in perturbation
theory. An estimate for the vector boson mass can be obtained from a coupled
set of gap equations for Higgs boson and vector boson masses as follows 6. One
shifts the Higgs field σ around its vacuum expectation value v, σ = v + σ′,
which yields the tree level masses
m20 =
g2
4
v2 , M20 = µ
2 + 3λv2. (6)
2
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Figure 1: One-loop contributions to the vector boson propagator. The blobs denote re-
summed propagators and vertices.
The masses m20 and M
2
0 are now expressed as
m20 = m
2 − δm2 , M20 =M2 − δM2 , (7)
where m and M enter the propagators in the loop expansion, and δm2 and
δM2 are treated perturbatively as counter terms. Together with the mass
resummation a vertex resummation is performed. One then obtains a coupled
set of gap equations for Higgs boson and vector boson masses (cf. Fig.1),
δm2 +ΠT (p
2 = −m2,m,M, ξ) = 0 ,
δM2 +Σ(p2 = −M2,m,M, ξ) = 0 , (8)
where ΠT (p
2) is the transverse part of the vacuum polarization tensor. The
calculation has been carried out in Rξ-gauge. In order to obtain massesM and
m which are independent of the gauge parameter ξ, it is crucial to perform a
vertex resummation in addition to the mass resummation and to evaluate the
self-energy terms on the mass shell 7. This yields the screening lengths defined
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Figure 2: Vector boson and Higgs boson masses for λ/g2 = 1/128. Gap equations: m (full
line), M (dashed line); perturbation theory: m (dash-dotted line), M (dotted line). From
Ref. 6.
in Eq. (5). ‘Magnetic masses’ defined at zero momentum are gauge-dependent
8.
Together with a third equation for the vacuum expectation value v, de-
termined by the condition 〈σ′〉 = 0, the gap equations determine Higgs boson
and vector boson masses for each set of values µ2/g4 and λ/g2. For negative
µ2 one finds a unique solution, corresponding to the familiar Higgs phase, with
masses close to the results of perturbation theory (cf. Fig. 2). In the case of
small positive µ2/g4 and sufficiently small λ/g2 there exist two solutions, cor-
responding to the Higgs phase and the symmetric phase with a small, but finite
vector boson mass, respectively. This is the metastability range characteristic
for a first-order phase transition. For large positive µ2/g4 only the solution
corresponding to the symmetric phase remains. Here the Higgs boson mass is
M ≃ µ, and the vector boson mass, which is rather independent of µ and λ, is
given by
mSM = Cg
2 ,
C =
3
16π
(
21
4
ln 3− 1
)
≃ 0.28 . (9)
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In the symmetric phase, where ordinary perturbation theory breaks down, the
vector boson mass is dominated by the graphs a-d in Fig. 1, which correspond
to the one-loop contributions of the non-linear SU(2)-Higgs model6. Note, that
the mass gap is a direct consequence of the non-abelian gauge interactions. In
the abelian Higgs model no vector boson mass is generated in the symmetric
phase 9.
The general strategy and the status of attempts to calculate the mass gap
in the 3d SU(N)-gauge theory by means of gap equations has recently been
discussed by Jackiw and Pi 10. The starting point is always a resummation
which is generated by adding and subtracting an auxiliary action Sm from the
Yang-Mills action SG,
Seff =
1
l
(
SG(
√
lW ) + Sm(
√
lW )
)
− Sm(
√
lW ) . (10)
In a perturbative expansion the coefficient of ln gives the contribution of all
n-loop graphs. Sm is some conveniently chosen, gauge-invariant mass term.
The one-loop gap equation reads
Π1−loopT (p
2 = −m2) = −m2 . (11)
In the case of the non-linear σ-model, Sm = Sσ, the calculation can be
considerably simplified. The functional integral for the partition function is
Z =
∫
DWDπ∆ exp−1
l
(SG + Sσ + SGF − lSσ) (12)
where SGF is some gauge fixing term and ∆ is the corresponding Faddeev-
Popov determinant. The integral over Goldstone fields and ghost fields can be
carried out exactly yielding a massive Yang-Mills theory without any additional
gauge fixing terms 10,
Z ∝
∫
DW exp
[
−1
l
(
SG(
√
lW )−m2Tr
∫
d3x
√
lWµ
√
lWµ
−lm2Tr
∫
d3x
√
lWµ
√
lWµ
)]
. (13)
The exact gap equation now reads
ΠT (p
2 = −m2) = −m2 . (14)
Massive Yang-Mills theory corresponds to the non-linear σ-model in unitary
gauge. One may therefore expect that the solution of Eq. (14) agrees with
5
Eq. (9), whereas the off-shell self energies should only agree in the limit ξ →∞.
This is indeed the case 10.
For the 3d SU(N) gauge theory also other gap equation have been con-
sidered which are based on the Chern-Simons eikonal 11 and on the non-local
action 12
SJ·Pm = m
2Tr
∫
d3xFµ
1
D2
Fµ , (15)
where Fµ =
1
2εµνρFνσ. Amazingly, the one-loop gap equation of Alexanian
and Nair 11 yields a magnetic mass closely related to the one obtained for the
non-linear σ-model,
mA·N =
Ng2
8π
(
21
4
ln 3− 1
)
=
4
3
mSM . (16)
The choice SJ·Pm yields a complex ‘magnetic mass’,
mJ·P =
Ng2
8π
[(
116
16
ln 3− 67
12
)
± iπ 13
16
]
. (17)
Note, that Eq. (15) can be modified such that the generated mass gap is real
10.
The evaluation of a magnetic mass by means of gap equations is not a
systematic approach to determine the mass gap in the 3d SU(N) gauge the-
ory since the loop expansion does not correspond to an expansion in a small
parameter. This is an obvious shortcoming. On the other hand, it may very
well be that the the one-loop results for mSM and mA·N represent reasonable
approximations of the true mass gap. In this respect an extension of the gap
equations to two-loop order would be very valuable 13. If the whole approach
makes sence the two-loop correction should be of ordermSM−mA·N . It is also
encouraging that the magnetic masses mSM and mA·N are consistent with the
propagator mass obtained in a numerical lattice simulation in Landau gauge
14,
m
(L)
SM = 0.35(1)g
2 . (18)
The lattice simulation also yields a dependence of the vector boson mass on
the parameter µ2/g4 which is very similar to the solution of the gap equation
shown in Fig. 3.
2 Mass gap and crossover
A direct consequence of the mass gap in the symmetric phase is the change of
the first-order phase transition at small Higgs masses to a smooth crossover at
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Figure 3: Vector boson and Higgs boson masses for λ/g2 = 1/8 which corresponds to a
physical Higgs mass equal to the W-boson mass. Gap equations: m (full line), M (dashed
line); perturbation theory: m (dash-dotted line), M (dotted line). From Ref. 6.
some critical Higgs mass m¯cH . Fig. 3 shows the solution of the gap equations
for a physical Higgs mass equal to the W-boson mass of about 80 GeV. The
solution is very different from the one shown in Fig. 2 which corresponds to
a Higgs mass of about 20 GeV. In Fig. 3 the variation of vector and scalar
screening masses is continuous as µ2/g4 is increased from the region of the
Higgs phase to the domain of the symmetric phase. Based on the gap equations
it was predicted that the critical Higgs mass m¯cH should be below 100 GeV
6. Recently, convincing evidence for a crossover has indeed been obtained in
numerical lattice simulations, and the critical Higgs mass has been determined
to be about 80 GeV 15,16.
In the SU(2)-Higgs model a crossover behaviour was first observed for the
finite-temperature 4d theory in numerical lattice simulations for large Higgs
masses by Evertz, Jersa´k and Kanaya, who also discussed in detail the phase
diagram 17. Also in the average action approach to the electroweak phase
transition a change from a first-order transition to a crossover is expected
18,19,20. In this framework, information about non-perturbative properties of
the theory from elsewhere is at present needed to obtain an estimate for the
critical Higgs mass which could be as large as 200 GeV or larger18. The general
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argument, that three-dimensional confinement forbids massless particles and
therefore a second-order transition 21, is at variance with the observed change
from a first-order transition to a crossover and the general expectation that
a first-order critical line ends in a second-order transition. It is important to
clarify the nature of the endpoint for the electroweak transition.
The essence of the connection between mass gap and critical Higgs boson
mass in the gap equation approach can be easily understood as follows 22.
Consider the one-loop effective potential in unitary gauge (~π = 0),
V1l =
1
2
µ2σ2 +
1
4
λσ4 − 1
16π
g3σ3 , (19)
where we have neglected the scalar contributions for simplicity. At the begin-
ning of the metastability range, µ2 = 0, the Higgs vacuum expectation value
is σ0 = 3g
3/(16πλ), which corresponds to the vector boson mass
mW (µ
2 = 0) =
3
32π
g4
λ
. (20)
It is reasonable to expect that the first-order phase transition dissappears at a
critical scalar coupling where the vector boson mass in the Higgs phase reaches
the magnetic mass of the symmetric phase. The conditionmW (µ
2 = 0) = mSM
determines a critical coupling λc. The corresponding zero-temperature critical
Higgs boson mass is given by
m¯cH =
(
3
4πC
)1/2
m¯W ≃ 74 GeV , (21)
where m¯W is the zero-temperature vector boson mass. Eq. (21) clearly shows
that the crossover point is determined by the constant C, i.e., the size of the
magnetic mass. The obtained value of the critical Higgs mass agrees rather
well with the result of recent numerical simulations 15,16. In contrast, for
vanishing magnetic mass the first-order transition never changes to a crossover,
while taking C > 1.0 corresponding to the measured bound state mass mV
(cf. Eq. (28), table 1) grossly underestimates m¯cH .
From the effective potential (19) one can easily determine the critical line
of the first-order phase transition. For λˆ(µ2) < λc the conditions
0 = V1l(σ0) =
∂
∂σ
V1l
∣∣∣∣
σ=σ0
(22)
yield for the critical line λˆ(µ2),
λˆ(µ2)
g2
=
1
128π2
g4
µ2
. (23)
8
µ2
c
/g4 0.03 0.06 0.09
µ2/g4
λ
c
/g2
0.00
0.03
0.06
0.09
λ/g2 ’symmetric’
Higgs
Figure 4: Critical line of first-order phase transitions as given by Eq. (23). From Ref. 22.
The corresponding phase diagram is shown in Fig. 4. The critical value of the
mass parameter at the crossover point is given by
µ2c
g4
≃ C
8π
. (24)
Using the matching relations to the finite-temperature Higgs model one can
evaluate the critical temperature as function of the zero-temperature Higgs
boson mass.
3 Gauge-invariant correlation functions
It is known that the SU(2) Higgs model has only a single phase, and that
the Higgs and the confinement regime are analytically connected. All physical
properties of the model can be obtained by studying correlation functions
of gauge-invariant operators. This is of particular importance for numerical
lattice simulations where in general the gauge is not fixed.
In the literature the following operators for scalar states with JPC = 0++
have been studied,
R(x) = Tr
(
Φ†(x)Φ(x)
)
, (25)
L(x) = Tr
(
(DµΦ)
†DµΦ(x)
)
, (26)
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P (x) =
1
2
Tr (WµνWµν) = − 1
8g2
Tr ([Dµ, Dν ][Dµ, Dν ]) . (27)
The standard operator for vector states with JPC = 1−− is
V aµ (x) =
1
2
Tr
(
Φ†(x)
↔
Dµ Φ(x)τ
a
)
. (28)
In the numerical simulations 23,24,25,14,26 screening masses have been deter-
mined from the 2-point functions of the operators R and V aµ ,
GR(x− y) = 〈R(x)R(y)〉 ∼ e−mR|x−y| , (29)
GV (x− y)µν = 〈Vµ(x)Vν(y)〉 ∼ e−mV |x−y| . (30)
In 25 screening masses have also been measured for the operators L(x) and
P (x),
GL(x − y) = 〈L(x)L(y)〉 ∼ e−mL|x−y| , (31)
GP (x − y) = 〈P (x)P (y)〉 ∼ e−mP |x−y| . (32)
The screening masses mR, mV , mL and mP have been determined for positive
and negative values of µ2, i.e., in the symmetric phase and in the Higgs phase.
In the latter case, as expected, the results agree with perturbation theory and
gap equations. The value for mP is consistent with an intermedate state of two
massive vector bosons V contributing to GP . This is the leading contribution
if one expands P (x) in powers of g2.
In the symmetric phase, however, the numerical results for mR and mV
do not agree with the predictions of the gap equations. Since also in the
symmetric phase the vacuum expectation value of the Higgs field is different
from zero, it was suggested in6 that the magnetic mass mSM should determine
the asymptotic behaviour of GV (cf. (33)). The numerical simulations show
no sign of this.
What is the connection between the gauge-dependent 2-point function GW
and the gauge-invariant 2-point function GV ? This question has been ad-
dressed by Fro¨hlich, Morchio and Strocci in their detailed study of the Higgs
phenomenon in terms of gauge-invariant operators 27. As they have pointed
out, gauge-invariant correlation functions are approximately proportional to
gauge-dependent correlation functions as calculated in standard perturbation
theory, if for the chosen gauge and renormalization scheme the fluctuations
of the Higgs field are small compared to the vacuum expectation value. For
instance, for the scalar correlation functions one has (σ = v + σ′, 〈σ′〉 = 0),
〈R(x)R(y)〉 ∼ v2
(
〈σ′(x)σ′(y)〉+O
(
σ′
〈σ〉 ,
~π
〈σ〉
))
. (33)
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As a measure for the relative size of the fluctuation terms one may consider
the ratio 22
ζ =
〈Φ†Φ〉
〈σ〉2 . (34)
At one-loop order one obtains in Rξ-gauge,
〈Φ†Φ〉 = 〈σ2 + ~π2〉 = v2 + 〈σ′2 + ~π2〉 (35)
= v2 − 1
4π
(
M + 3
√
ξm
)
. (36)
Here linear divergencies have been subtracted by means of dimensional regu-
larization. Deep in the Higgs phase, where µ2 < 0, v20 = −µ2/λ, M20 = 2λv20
and m20 = g
2v20/4, one finds
ζH = 1− 3
8π
(√
ξ +
2
3
√
2λ
g
)
g
v
+ . . . . (37)
In the relevant range of parameters one has g/v < 1. Hence, the deviation of
ζH from 1 is small and ordinary perturbation theory is reliable.
On the contrary, in the symmetric phase the situation is very different.
Here the gap equations yield for the vacuum expectation value g/v ≃ 10.
Inserting in the definition of the ratio (34) solutions of the gap equations for
M and m one finds in the symmetric phase that ζSM deviates from 1 by
more than 100%. Hence, we cannot expect that the gauge-dependent 2-point
functions give a good approximation to the gauge-invariant 2-point functions.
4 Gauge-invariant screening masses
What is the physical meaning of the propagator masses obtained from gap
equations as well as numerical simulations in the symmetric phase? Several
years ago the notion of a ‘screening energy’ has been introduced in connection
with an analysis of the SU(2) Higgs model at zero temperature28. The authors
considered the gauge-invariant correlation function
GΦ(T,R) =
〈
Tr
(
Φ†(y)U(Γ)Φ(x)
)〉
, (38)
where
U(Γ) = P exp
(
ig
∫
Γ
ds ·W
)
≡ U †(R, y)U(T )U(R, x) , (39)
and the path Γ
Γ ≡ Γ(y,R) ◦ Γ(T ) ◦ Γ(R, x) (40)
11
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Figure 5: The path Γ for GΦ(T,R).
is shown in Fig. 5. For large T , with R fixed, an exponential fall-off was found,
GΦ(T,R) ∼ e−mΦT , (41)
with mΦ being independent of R. In temporal gauge the 2-point function takes
the form,
GΦ(T,R) =
〈
Tr
(
Φ†(x)U †(R, x)e−HTU(R, x)Φ(x)
)〉
, (42)
where H is the hamiltonian. Comparison of Eqs. (41) and (42) suggests that
mΦ is the energy of a dynamical charge bound by an external charge
28. If
the energy of the infinitely heavy external charge is properly subtracted, mΦ
corresponds to the ‘constituent’, or screening mass of the bound scalar Φ.
In the case R = 0 the 2-point function GΦ reduces to the gauge-invariant
propagator
GˆΦ(x− y) =
〈
Tr
(
Φ†(y)UyxΦ(x)
)〉 ∼ e−mΦ|x−y| , (43)
where Uyx is the non-abelian phase factor along the straight line from x to y.
The definition of a screening mass for the vector boson is completely anal-
ogous. The obvious definiton is
GˆW (x− y)µνρσ =
〈
WTµν(y)U
A
yxWρσ(x)
〉 ∼ e−mW |x−y| . (44)
where the superscript A denotes SU(2) matrices in the adjoint representation.
The contribution from the phase factor to the masses mΦ and mW , which
depend on the mass parameter µ2, are linearly divergent. Renormalized screen-
ing masses can be defined by matching mΦ and mW to the masses mR and
mV of the gauge-invariant correlation function at some value µ
2
0 in the Higgs
phase. The corresponding screening masses mΦ(µ
2;µ20) and µ
2
W (µ
2;µ20) satisfy
the boundary conditions
mΦ(µ
2
0;µ
2
0) = mR(µ
2
0) , mW (µ
2
0;µ
2
0) = mV (µ
2
0) . (45)
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Figure 6: Two-point functions to leading order for a constituent model.
These screening masses, as functions of µ2, should behave similarly as the
solutions M(µ2) and m(µ2) of the gap equations, respectively.
What is the role of the screening masses in the correlation functions of
gauge-invariant operators? As discussed above, the fluctuations dominate in
the symmetric phase. Hence, one may expect that multi-particle states of
‘constituent’ scalar and vector bosons dominate the exponential fall-off of the
2-point functions22. This is similar in spirit to the bound state model of Dosch
et al. 29. According to Fig. 6, for GR this should be a (Φ
†Φ) state (a), for GL
a (Φ†WWΦ) state (b), for GP a (WWWW ) state (c) and for GV a (Φ
†WΦ)
state (d). Here we have identified a covariant derivative Dµ with a constituent
vector boson W , since for bound states in the symmetric phase an expansion
in powers of g2 is not justified. Neglecting binding effects, this yields the mass
formulae
mR ≃ 2mΦ mL ≃ 2mΦ + 2mW mP ≃ 4mW mV ≃ 2mΦ +mW . (46)
These relations can be compared with results from lattice simulations. A
screening massmW for the vector boson was determined in
14,mW = 0.35(1)g
2.
No scalar screening mass has been measured so far, hence we choose mΦ =
mR/2. This yields three predictions for mL, mP and mV which are compared
with the results of Ref. 25 in table 1. The qualitative agreement supports the
constituent picture. Note, that in the bound state model 29 no prediction has
so far been made for the W-ball mass mP .
The proposed picture can be tested by measuring the gauge-invariant
propagators GˆΦ and GˆW as functions of µ
2. The masses mΦ(µ
2;µ20) and
mW (µ
2;µ20) should behave like the solutions M(µ
2) and m(µ2) of the gap
equations. In particular, at a first-order transition from the Higgs phase to the
13
JPC = 0++ JPC = 1−−
R L P V
lattice simulations 25 0.839(15) 1.47(4) 1.60(4) 1.27(6)
constituent model - 1.54 1.40 1.18
Table 1: Comparison of screening masses from lattice simulations and a constituent model.
mR is used to fix the constituent scalar mass. From Ref.
22.
symmetric phase, both screening masses should jump to smaller values. With
increasing λ/g2 the jump should decrease and eventually vanish at the critical
coupling where the crossover behaviour sets in.
We hope that further numerical and analytical investigations will unequiv-
ocally clarify the relation between the various screening masses and provide
a clear physical picture of the symmetric phase. This will be crucial in order
to understand better real-time correlation functions at high temperature, in
particular the sphaleron rate 30.
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